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Abstract-When the contribution of the polarization gradient to the stored energy is taken into
account, in the theory of elastic dielectrics, there is a small coupling between electromagnetic
and elastic energies even in isotropic materials. It is found that the electromagnetic radiation
from an isotropic, elastic, dielectric sphere vibrating in its fundamental rotatory mode, with a
maximum shear strain of 10- 3

, is of the order of 10- 38 watts: independent of the radius of the
sphere and proportional to the square of the strain.

INTRODUCTION

According to the classical theory of the elastic dielectric continuum, there is no coupling
between the mechanical displacement and the electronic polarization in centrosymmetric
materials. However, if the contribution of the polarization gradient to the stored energy
of deformation and polarization is taken into account, in addition to the usual strain and
polarization, such a coupling does exist. Even in the material of highest symmetry (centro­
symmetric isotropic) an elastic shear wave induces a transverse polarization wave which, in
turn, excites an electromagnetic wave. Thus, with suitable boundary conditions, an
electromagnetic radiation may be expected to emanate from any dielectric solid vibrating
in a mode involving shear. The simplest example, for a finite body, is that of an isotropic,
elastic sphere in rotatory vibration-a mode of vibration in which every spherical surface
concentric with the boundary rotates back and forth through a small angle about a single
axis. The radiated energy can be expected, of course, to be extremely small; but there is
some interest in discovering how small. In the case examined here (a sphere with the iso­
tropized material constants of sodium chloride) the radiation rate accompanying the
fundamental mode of rotatory vibration, with a maximum shear strain of 10- 3, is of the
order of 10- 38 watts: independent of the radius of the sphere and proportional to the
square of the strain.

DIFFERENTIAL EQUATIONS AND BOUNDARY CONDITIONS

For the centrosymmetric isotropic case, the energy density, W L
, of strain, polarization

and polarization gradient is [1]

2WL = al1P' P + b12 V' PV' P + b44(VP: VP + VP: PV) + b77(VP: VP - VP: PV)

+ Cl 2 V· uV' u + C44(VU: Vu + Vu: uV) + 2d12 V· PV· u + d44(VP: Vu + VP: uV),
(1)

where u is the mechanical displacement, P is the electronic polarization, V is the gradient
operator and V· is the divergence operator. Corresponding to (1), the mechanical and
electrical equations of motion are [l]
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C44 V2
U + (C12 + C44) VV • u + d44 V2p + (d12 + d44) vv . P pii (2)

d44 V2u + (d12 + d44) VV • u + (b44 + b77 ) V2p

+(bI2+b44-b77)VV'P-auP+E=0 (3)

where Eis the Maxwell electric self-field, p is the mass density and V2 is Laplace's operator
To these equations are adjoined the equations of the electromagnetic field [2, p. 75]

c2VzA + BOIP =.ii, cZVz<p - BOICZV' P = qJ, cZV' A = -4', (4)

where c and Bo are the velocity of electromagnetic waves and the dielectric permittivity in a
vacuum and A and <p are the vector and scalar potentials defined in terms of E and the mag­
netic flux density, B, through

B = V x A, E = - Vq> - A. (5)

We shall be concerned only with transverse waves, in which case q> and all divergences
vanish. Then (2)-(5) reduce to

C44 Vzu + d44 VZp = pii,

d44 VZu + (b44 + b77 ) V2p - auP - A 0,

CZ VZA + SOlp =.ii
in the elastic dielectric and to

(6)

(7)

(8)

(9)

in a vacuum.
If the surface S, with outward normal D, separating the dielectric from a vacuum, supports

a surface traction t but is otherwise free, the boundary conditions on S, when V· u and
V • P are zero, are [1]

n' oWLjol(Vu + uV) = n' [c4iVu + uV) + d4 iVP + PV)] = t, (10)

n . 0WLjoVP = n . [d4 iVu + uV) + b44(VP + PV) + b77 (VP - PV)J = 0, (11)

along with the usual electromagnetic conditions of continuity of

n x B, D' B, n x E, n' (soE + P)

across S [2, p. 3].

SOLUTION

(12)

We consider the rotatory vibrations of an isotropic, elastic dielectric sphere, of radius a,
surrounded by a vacuum. Guided by the solution for rotatory vibrations of a purely elastic
sphere ([3J p. 285), we take, in spherical coordinates, r, e, <p, for r ~ a.

ur=O, ue=O, U'" CI 1/l(ar)sin ecos(wt + B), (13)

Pr = 0, Po = O. P", = Cz 1/I(ar)sin () cos(wt + B), (14)

Ar = 0, Ae = 0, A", = C31/1(ar)sin () sin( wt + B), (15)

where

ifJ(ar) = (ar)-l cos ar - (ar)-z sin ar. (16)
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Then, for example,

V2u = ecpr- 2[(r 21jJ')' - 21jJ]Cl sin ecos(wt + e) = - ecpa,2ucp, (17)

where prime designates differentiation with respect to rand ecp is a unit vector in the direc­
tion of qJ increasing. Similar results hold for the Laplacians of P and A. Accordingly, upon
substitution of (13), (14) and (15) in (6), (7) and (8), the latter become

(C44 a2 - PW2)Cl + d44 a2C2 = 0, (18)

d44 a2Cl + [(b44 + b77 )a2 + all ]C2 + wC3 = 0, (19)

wC2 + eo(c2a2 - W2)C3 = 0, (20)

which have a nonzero solution if

C44 a2 - pw
2

d44 a
2 °

A == d44 a2 .(b44 + b77 )a2 + all w = ° (21)° w eo(c2 a2 - w2)

and this is a cubic equation in a2 with three real roots: two positive and one negative.
Thus, the dispersion relation (21) has two real branches and one imaginary branch. The
characters of the branches may be identified by examining their behaviors at low frequen­
cies. For the real branches,

lim A = lim (C44 a2 - pw2)(c2a2 - Kw2)eoall = 0,
W,IX-O co,a--+O

where K is the dielectric constant:

(22)

(23)

since eo all is the reciprocal dielectric susceptibility. Hence, at low frequencies, the disper­
sion relations of the two real branches are

ai = PW2jC44 (acoustic branch)

a~ = Kw 2 jc2 (electromagnetic branch).

For the third branch, we have

lim A = eoc2a4{[c44(b44 + b77 ) - d14]a2 + allc44} =°
<0-+0

or

(24)

(25)

(26)

(28)

a~ = -allc44![C4ib44 + b77 ) - d14] (su~face branch). (27)

Since positive definiteness of WL requires C44(b44 + b77) - d1 4 , C44 and all to be positive,
a3 is imaginary.

Taking into account the three branches and separating the two phases of the functions
Ucp , Pcp and Acp, we have, as their forms for r :s:; a,

3

Ucp = I (Clj cos wt + C~j sin wt)ljJ(aj r)sin e,
j= 1

3

Pcp = I (C2j cos wt + C;j sin wt)ljJ(ajr)sin e,
j=l

3

Acp = I (C3j sin wt + C~j cos wt})ljJ(ajr)sin e,
j=l

(29)

(30)
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l/J(IXjr) = (IXjr)-1 cos IXjr - (IXjr)-Z sin IXjr, j = 1, 2,

l/J(IXj r) = (IXj r) -I cosh IXj r - (IXj r) - Z sinh IXj r, j = 3.

(31)

(32)

Note that, in (32), the sign of IX 3 has been reversed from that in (27) so that, in the sequel,
IX 3 is real.

The eighteen constants Cij and C;j are subject to twelve relations through equations
(18), (19) and (20), from which we may define

(33)

(34)

where the upper signs are for j = I, 2 and the lower signs are for j = 3. Then (28)-(30) may be
written in terms of the six remaining constants Clj and C;j:

3

Ucp = I (Clj cos wt + C;j sin wt)l/J(IXjr) sin e,
j= I

3

Pcp = I (Clj cos wt + C;j sin wt)YZjl/J(rxjr) sin e,
j= I

3

Acp = I (Clj sin wt + C;j cos Wt)Y3jl/J(IXjr) sin e.
j= I

In r ~ a, we take u, P, Ar , Ao = 0 and Acp = Ag, where

Ag = Co[(lXor)-1 cos IXo(r - a - ct) - (IXor)-z sin IXo(r - a - ct)]sin e
+ Cb[(rxor)-I sin IXo(r - a - ct) + (IXor)-Z cos rxo(r - a - ct)]sin e

and

IXo = w/c.

(35)

(36)

(37)

(38)

(39)

To maintain the electromagnetic radiation expressed by (38), an external action on the
sphere is required. This we take to be a surface traction on r = a:

t = ecpTsin ecos wt.

Noting that, in the present case

with a similar expression for VP + PV; and also

(40)

(41)

(42)
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and n = en we find that the boundary conditions (10) and (11) become

[ (
OUtp Utp) (OPtp Ptp)] . eC44 - - - + d44 - - - = Tsm cos wt,
or r or r ,=a

[ (
outp utp) (OPtp Ptp) (OPtp Ptp)]

d44 a;: - or + b44 a;: - 7 + b77 a;: + -;: ,=a = 0.

As for the continuity conditions (12), we note that, in the present case,

er 0 . ee 0
B = V x A =-- - (A sm e) - - - (rA )r sin e oe tp r or tp ,

whence:

n x B = e, x B = -etp(oAtp/or + Atp/r),

n • B = er • B =~e :e (Atp sin e),
r sm u

n x E = - e, x A = ee Atp ,

n' (eo E + P) = er ' etp( -eo Atp + Ptp) = 0.

Hence, the four continuity conditions (12) reduce to

[Atp],=a = [A~],=a,

[oAtp/or ],=a = [oA~/or]r=a'
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(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

Upon substituting (35)-(38) in the four conditions (43), (44), (52) and (53) and equating
coefficients of cos wt and sin wt separately, we find the following eight equations on the
eight constants Clj , C;j, Co and C~:

3

I Clj f3l j = T,
j=l

3

I Clj f32j = 0,
j= 1

3

I C;j f3l j = 0,
j=l

3

I C;j f32j = 0,
j=l

(54)

(55)

3

I Clj f33j + Co [2(Ctoa) - 3 - (Ctoa) -1] - 2C~(Cto a) - 2 = 0,
j=l

3

I C;jf33j + 2Co(Ctoa)-2 + C~[2(Ctoa)-3 - (Ctoa)-l] = 0,
j= 1

3

I Cl/Y3jt/!j - Co(Ctoa)-2 + C~(Ctoa)-l = 0,
j= 1

3

I C;jY3jt/!j - Co(Ctoa)-l - C~(Ctoa)-2 = 0,
j= 1

(56)

(57)

(58)

(59)
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f3l j = (C44 + d44 Y2)(olj;pJa -lj;j/a),

f32j = (d44 + b44 Y2)(olj;)Oa - lj;j/a) + b77 Y2iolj;)oa + l/Jj/a),

f33j = y3j iXOI olj;)oa.

The solution of the eight equations (54)-(59) is

Clj = (GA 3j + AI)T/ If3ijl, C;j = G'A 3jT/ If3ijl,

Co = F2{[2(iXoa)-3 - (iXoa)-I]F1 + (iXoa)-2}T/D,

Cb = -F2[2(iXoa)-2FI + (iXoa)-I]T/D,

(60)

(61)

(62)

(63)

(64)

(65)

where 113ij I is the determinant with elements 13ij' the A ij are the cofactors of the 13ij in 113ij I
and

3

If3l j l FI = L Y3dj A 3j ,
j= I

3

If31 j 1F2 = LY3jlj;jA1j ,
j=1

(67)

APPLICA TION

The only values of the constants band d that are known, at this point in time, are those
for alkali halides determined by Askar ef al. [4]. We shall use, here, their isotropized values
of b44 , b77 , d44 and C44 for sodium chloride [5] as corrected subsequently by Lee:

b44 = 0·222 X 104 dyn cm4 /C2
,

b77 = 0·218 X 104 dyn cm4/C2

d44 = -1,61 X 106 dyn cm/C,

C44 = 1·49 X 1011 dyn/cm2
. (69)

In addition, we require numerical values of the dielectric constant, K, and mass density, p,
of sodium chloride, and the permittivity, 80 , and velocity of electromagnetic waves, c, in a
vacuum:

K = 5·6 [6, p. 69],

p = 2·214 gm/cm3 [7, p. 88],

8 0 = 8·854 X 10- 21 C2/dyn cm2 [6, p. 68],

C = 2.998 X 1010 cm/sec [2, p. 11]. (70)

We shall calculate the radiation associated with the fundamental mode of rotatory vibra­
tion of the sphere. Since the radiation is extremely small, the frequency of that mode is
very nearly that of the corresponding mode of the purely elastic sphere. From (54), this
frequency is determined by the lowest root of 1311 = 0 with d44 = 0, i.e. [3]

tan iXla = 3iXla/(3 - iXia2) or iXla = 5·763. (71)
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Since, also, the frequency of the fundamental mode is low in comparison with those of the
higher modes, the wave numbers, (Xi' are determined very closely by (24), (25) and (27):

(72)

noting, again, that the sign of (X~ has been reversed after (27). Thus, we have, from (69), (70)
and (72),

(73)

and, finally,

(74)

The numerical values in (69)-(74) are all that are required to calculate the t/Jj from (31)
and (32), the )'ij from (33) and (34), the {3ij from (60)-(62) and, finally, the Clj , C{j' Co
and Cb from (63), (64) and (65) for insertion in the formulas (35)-(38) for utp' Ptp' Atp and
A~ and, thus, to complete the solution.

The rate of energy radiation, per unit area, from a point on the surface of the sphere,
is equal to the normal component of the Pointing vector and this must be equal to the rate
of working of the surface traction:

t - u]r=a = TUtp]r=a sin () cos wt
3

=Tw sin2
() cos wt I (- Clj sin wt + C~j cos wt)t/Jj'

j= 1

The average rate over a period 2n/w is

2x/w 3

(w/2n) f. t -u]r=a dt = t Tw sin2
() I C{jt/Jj'

o j=l

so that the radiation rate from the entire sphere is

(75)

(76)

Now,

wa = C(XO a = 1-495 x 106 em/sec,

and
3

I aC~jt/Jj = 2'394 x 1O- 47Tcm2
,

j=l

with Tin dynes/cm2
• Hence the rate of radiation from the sphere is

1'50 x 1O- 4oT 2 ergs/sec.

(78)

(79)

(80)

The traction amplitude, T, may be expressed in terms of the maximum shear strain,
(2ertp)mix, which is located at () = n/2 and r = am where am is determined by

(81)
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in which u'" for the purely elastic case may be used in view of its preponderant contribution
to the strain. From (81) and (28), with j = 1, am is determined by the lowest root of

or (82)

The amplitude of (2e,,,,)max' at e= n12, is then,

(2e,,,,)max = am - 1ell ([3(IX1am) - 2 - l]sin IX lam - 3(IX1am) -1 COS IX1am}

=2'708 x 1O- 8 T. (83)

T = 3·69 X 104 dyn/cm2
• (84)

Upon substituting this value of T in (80), we find that, if the maximum shear strain is 10- 3,

the radiation rate from the sphere, when it is vibrating in its fundamental rotatory mode,
is about 2 x 10- 31 erg/sec; i.e. of the order of 10- 38 watts.
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A6cTpaKT - Kor.r\a Y'iHThIBaeTCli clJaKTOp rpMHeHTa nOJIlIpH3aIIHH B aKKYMYJIHpOBaHHoH
3HeprHH, B TeopHH ynpyrHx .r\H3JIeKTpHKOB, Tor.r\a OKa3hIBaeTCli Marroe conplilKeHHe MelK.ll:Y
3HeprHlIMH 3JIeKTpOMarHHTHoH H yrrpyroH, .r\alKe, B H30TPOIlHhIX MaTepHarrax. HaxO.r\HTClI,
'iTO 3JIeKTpOMarHHTHoe H3JIyqeHHe H3 H30TponHOH, yrrpyroH, .r\H3JIeKTpH'iecKoH c4JePhI, KOTO­
pall KOJIe6aeTCli no CBoeH OCHOBHOH clJopMe BpaIIIeHHlI CMaKCHMllJIbHOH .r\eclJopMaIIHeH C.r\BHra
nopll.r\Ka 10-" lIBJIlieTCli nOPMKa 10- 38 BaTT; OHO He 3aBHCHT OT PMHyca c4JePhI H IlPOIlOP­
IIHOHaJIhHO K KBMpaTy .r\eclJopMaIIHH.


